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The finite set of rate equations

C;n,n(t) - Oén,nflcm,nfl(t) + an,ncm,n(t) + an,n+1cm,n+l(t)y
0<m<<N,0<n<N,
where a;; are ajj—1 = A, «oj; = —(A+ B), a;j;+1 = B, with agp = —a10 = —a
and ayn = —an-1n = —b, ag—1 = ann+1 = 0, subject to the initial condition
Crmn(0) = 6nm (Kronecker delta) for some m, arises in a number of applications of

mathematics and mathematical physics. We show that there are five sets of values of a and
b for which the above system admits exact transient solutions.

1. Introduction

The interest in the fluctuations and in the stochastic methods describing them has
grown enormously. One-step (or generation—recombination or birth—death) processes
are a specia class of Markov processes, having applications in diverse physica
problems such as gas phase relaxation processes, chemica kinetics, spin relaxation
processes and polymer dynamics [3,5,7,13,17,19]. In particular, the system of equa
tions

Croo(t) = =aCho(t) + BCpa(t),
Cra(t) = aCroo(t) — (A + B)Cina(t) + BCrm,2(t),
Cron() = ACun-1(t) — (A + B)Crun(t) + BCrnsa(1),
2<n<N -2,
mN—1() = ACrm N —2(t) — (A + B)Cp n—1(t) + bCr n (2),
Cro n(t) = ACH, n—1(t) — bCy N (2),
subject to the initial condition C,,, ,(0) = 6,,.,, (Kronecker delta) for some m, arisesin
a number of applications of mathematics and mathematical physics [1,15,16]. Special

cases of these equations have already received considerable attention [4,21]. Ninham
et a. [12] have discussed this system to describe the kinetics of the helix—coail transition

(1.1)
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in polypeptides, when it is assumed that helical regions nucleate at one end of the coil
and thereafter grow towards the other end of the molecule. Then C,,, ,,(t) represent
the concentration of molecules containing n “helix” and N — n “cail” units at time ¢,
given that there were m helix unitsinitially. Here N denotes the chain length. At any
time, the rate at which the number of helix units increase from n to n + 1 is described
by A, and the rate at which the number of helix units decrease from n ton — 1 is
described by B. Also, the rates at which the number of helix units increase from 0 to
1 and decrease from NV to N — 1 are described by a and b, respectively.

In this paper we obtain exact time-dependent solutions of system (1.1) witha # A
and b # B. Transient analysis helps us to understand the behaviour of a system better
when the parameters are perturbed. For al values of a and b it is possible to find
transient solutions of this system numericaly. In order to achieve the exact transient
solution of this system analytically, we consider the cases where

ac{AA+VAB,A-VAB}, be{B,B+VAB,B-VAB}.

To ensure the positivity of the parameters we discard the case « = A — VAB, b =
B—+/AB. These transient solutions are the same when a, A and C,,, ,,(t) are replaced
by b, B and C),, n—n(t), respectively. Because of this symmetric nature, the remaining
eight cases reduce to five cases. In section 3, the exact transient solutions are obtained
for these five cases and the equilibrium solutions are deduced.

In addition to the helix—coil transition problem such as the effect of defects,
the explicit solution to equations (1.1) may also be of value as it provides a model
calculation in the theory of multi-state relaxation processes; errors introduced by the
replacement of equations (1.1) by the continuum anaog (viz. the Fokker—Planck equa-
tion) can be bounded precisdly. The model can also be used to test the utility of the
concept of “mean relaxation time”. When a = A and b = B, this system of equations
appears in the theory of queues [22]. If A = B and periodic boundary conditions are
imposed, the equations describe a one-dimensional symmetric continuous-time random
walk on acircle. Inthe latter form, the equations have been studied in connection with
the relaxation of a one-dimensional Ising model and in describing the denaturation of
DNA. When A = B and the rate constants a and b in the equations for C;, 1(t) and

! n_1(t) are replaced by A, the eigenvalues of the system are identical with those
of a one-dimensional system of coupled harmonic oscillators with either free or fixed
ends [12]. Equations (1.1) are used to obtain the velocity and the diffusion constant
for a periodic one-dimensional hopping model [2].

2. Some useful identities

In this section, some identities and polynomials used to prove the main results
are given.
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Identity 1.
2cosf 1 .
1 2cosf 1 .
. o o . _ S+ Do (2
1 2cosf 1 snd
1 2cosf
nxn
I dentity 2.
N km sin(N + 1)y
_ —p NZT A T 2.2
kl:[l<003y cosN+1> Sny (2.2

We obtain the above identity by making use of the following trigonometric iden-
tities ((91.2.9) and (91.2.13) from [6]):

[tn-1/2) ( 2k7r> {2(1/2)—n/25in(ﬂ)csc(%) (n odd),
[T (cosy—cos=— )=

;
Pt 21/ sin() escy (n even),

[(n—1)/2] (1/2)—n/2 ny y
2 cos sec odd),
{ cosy — COS|:(2]€ + 1)?] } — (/2 n( 2 ) (2) (’I’l )
P n 21-(n/2) cos( 1Y) (n even).
I dentity 3.
N r 14-cog(rm/N)
rw k7r> N(-1r+t AT < N
COS— —COS— | = —(—=— X { Sn(ra/N) ’ (2.3
lcl_Il < N N 2N 1, r=N.
k#r

The transient solution of (1.1) will be expressed in terms of two sequences of
polynomials. Define the polynomids Q,(s) (r = 1,2,...,N) recursively as

Qo(s) =1,

Q1(s) =5+,

Q2(s) = (s + A+ B)Qa(s) — Ab,

Qr(s)=(s + A+ B)Qr-1(s) — ABQ;2(s), 3<r <N, (2.4)
Qn+1(s) = (s + a)Qn(s) — aBQN_1(s). (2.5)

The above can be expressed in terms of the polynomids P.(s) (r = 1,2,...,N) and
are defined recursively as

Po(s)=1,

Py(s)=s+a,

Py(s)=(s+ A+ B)Pi(s) — aB,
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P(s)=(s+ A+ B)P_1(s) — ABP,_2(s), 3<r<N\, (2.6)
Py11(s) = (s + b)Pn(s) — AbPn_1(s). (2.7)

Here P,.(s) and Q. (s) are of degree r with coefficient 1 for s". Further, we use the

following notation:
aA" 1 m =20, n >0,
Dm,n = bBN_n_l, m=DN, n <N,

1, m=n,
and, for 1 <m < N —1,

B™ " n<m,
Dypn = { P (2.8)

Now we obtain the exact transient solution of the concentration of molecules at time ¢.

3.  Transent solution

In this section, we obtain the transient solution of system (1.1) analytically with
a# A, b# B. Thisisin contrast to the computationa difficulties encountered when
the diagonal elements of the underlying matrix become large, for some values of the
parameters, causing overflow while running the program. When « = A and b = B
there exist a number of methods to find the time dependent solution of (1.1) like the
fundamental matrix approach of Takacs [22], transformation approach of Morse [11],
Laplace transform method of Srivatsava and Kashyap [20] and continued fraction ap-
proach of Parthasarathy and Lenin [16]. These techniques involve matrix exponentials
which are extensively studied [8-10]. However, we adopt suitably the method of
Rosenlund [18], which is more pertinent to the problem at hand.

Theorem 1. The exact transient solution of the concentration of molecules at time ¢
isgivenfor 0<m < N by

mn(t) — C + ZN Dm NDNnPn( ﬁr)Pm( IBT)eXp( ﬁrt)

PN( ﬁr) +1( ,Br) ! (31)
n=0,1,...,N,
here Dy v D 1 Po(0) P (0)
Cn: m,N+ Nnln m , (32)
PyO)(TT,115r)

N
Phia(=B) = =6 [[ B =5, r=12...,N. (33)

k=1

k#r

D, are defined as in (2.8) and 3, are the zeros of Py1(s).
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Proof. Letting, for s > 0,
Crn(s) = / e C n(t) dt, (3.4)
0

Laplace transformation of (1.1) gives

Sé\'m,O(S) - 6O,m = _aam,O(s) + Bam,l(5)1

5Cim1(8) — 81m = aCrno(s) — (A + B)Crna(s) + BCin2(s),

$Crn(8) = 6nm = ACpm n—1(5) — (A + B)Cron(s) + BCrns1(s),

2<n<N -2,
5Cm,N-1(5) = ON—1,m = ACp N—2(5) — (A + B)Cpy n—1(8) + bCrr n—1(5),
SCm,N(S) - 6N,m = ACm,Nfl(S) - bcm,N(S)'

For each m this defines a linear system with N + 1 equations. Define its N + 1 by
N + 1 matrix E(s) (= (amn)) 8

(3.5)

s+a —-B .
—a s+A+B —B .
E(s) = AoerArE IR
-A s+A+B b
: —A s+0b
Then we can write (3.5) in the matrix form:

E()[Crno(5), Crna(5)s - - -, Conn(9)] " = [60ms 61ms- - S8l ™= (3.6)
From (2.7) and (2.5), we observe that Py1(s) = Qn+1(s) = |E(s)|, i.e,
s+a -B
—-a s+A+B -—-B

Pyia(s) =
—-A s+A+B —b

—A s+b

s+a+ B B
A s+A+B B

A s+A+B B
A 5+A+bN

It is well known that Pn1(s) has N + 1 distinct, real zeros
Bo<Pr<-<PBn (3.7
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and g = 0; then we can write

N
Pyya(s) = s [ [(s + 8). (38)
r=1

By (3.7), |E(s)| > 0 and (3.6) has a unique solution for s > 0. The solution of (3.6)
by Cramer’'s rule is written as

Bomn(5)

Cm,n(S) = W’

(3.9
where Em,n(s) isobtained from | E(s)| by replacing the nth column with [60,1,, 01.1m, - - -

6N,m]T. Thus Em,n(s) is the cofactor of the element a,, ,,, and this is easily found to
be

Pou(8)Qn-m(s), n <m,
Emn(s) = Dpn X { Prn(s)Qn_n(s), n>m,
Pu(s)Qn—-n(s), n=m,
where D, ,, P,(s) and Q,(s) are defined as in (2.8), (2.6) and (2.4), respectively.
Substituting the above in (3.9), we get
Dm,nQmeaX(m,n)(S)Pmin(m,n)(s)
Py 1a(s)
Using (3.8), the inversion of the above gives

Crnn(s) = , 0<Km<N,0<n<N.

N
Cron(t) = Cr + Y bynnr €XP(—3,1), (3.10)
r=1

where

_ Dm’nQN_max(m’n)(—ﬁr)Pmin(m,n)(_BT) (3.11)

bm n,” r —
Y P]/V.i_l(_ﬁr)
and C,, is defined as in (3.2). Note that the term corresponding to r = 0and 5y =0
is the limit of C),,(t) ast — oo and, hence, equal to C,,. Also note that, at the zeros
of PN+1($),

o Dm,NDN,an(*ﬂr)
QN—TL( /87") - DmynPN(_,Br) .
Substituting the above in (3.11), we obtain

bm,n,r _ Dm,NDN,nPn(*ﬁr)Pm(*ﬂr) ) (3.12)

PN(*ﬁr)P]/VJrl(*ﬁr)
Theorem follows by substituting the above in (3.10). O
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In view of the representation formula (3.1), the problem of finding the transient
solution for the system given its rate parameters amounts to finding the orthogonal
polynomias P,(s) (n = 1,...,N) and the zeros of Py,1(s) from the parameters in
the recurrence relations. Often it will be difficult to find the transient solution for such
systems explicitly. In the next theorem, we find the explicit expression for P, (s).

Explicit expression of P,(s)

Theorem 2. Forn=1,2,..., N,

P(s) = (Aj]);/z { sin(n + 1)8 — (%) sinnd

A—a)\ .
i <_A >sn(n1)e}, (3.13)

where s + A + B = 2/ AB cosé.

Proof. From (2.6), wefind for n =1,2,..., N,

s+a B
a s+A+B B
Pn(S): . .
A s+A+B B
A s—i—A—i—Bn
s+A+B B
A s+A+B B
A s+A+B B
A s+A+B|,
a—A—B B
a—A s+A+B B
+ i ) S ) ) . (3.14)
A s+A+B B
A s+A+B|,

By dividing v AB in each row or each column, putting s + A+ B = 2/ AB cosf and
using relation (2.1), we obtain

Pu(s) = ﬁle [(VAB)"sin(n + 1)§ — (A + B — a)(VAB)" " sinng
+ B(A—a)(VAB)" sin(n — 1)6].
Therefore (3.13) follows. O
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Exact zeros of Py1(s)

Solution (3.1) is completely known if we have the exact zeros of Pn1(s). We
show that there are five sets of values for a and b for which exact solutions are possible
to obtain. Now we obtain the exact zeros of Py 1(s) for the five cases.

Writing (2.7) in the matrix form, we obtain

s+a B
a s+A+ B B
A s+A+B B
Pria(s) =
A s+A+B b
A S+bN+l
s+a+ B B
A s+A+B B

A s+A+B B

A s+A+B B
A s+A+b

N

By dividing v AB in each row or each column, putting s + A+ B = 2v/ AB cosf and
using identity (2.1), we get
(AB)N/2 (.
PN+1(S) = SW SII’](N + 1)0 +
(a — A)(b— B)
AB

From the right-hand side of the above equation, we observe that zero is a root of
Pn41(s) so that Gp = 0. Remaining N zeros can be obtained from the following
equation:

a+b—(A+ B)
VAB

sn(N — 1)9}. (3.15)

)sinNH

sSn(V + 10 + <a+b\2§_f;+ B)> SNNO + %an— 10 = 0.

We are interested to obtain the roots of the above equation (in turn, the values
of 6) in closed form. We observe that, if

ac{AA+VAB,A—VAB}, be{B,B+VAB,B—-VAB},
using the trigonometric relation
sSn(A — B)f + sin(A + B)§ = 2sin A cos BY (3.16)

we can obtain the roots in closed form. This leads to nine possible cases of a and b
for which exact zeros 3, (r = 1,2,...,N) are possible to abtain, but to ensure the



P.R. Parthasarathy, S. Dharmaraja / Exact transient solutions 289

Table 1
Five cases of a and b and the corresponding zeros of Pn1(s).

Case a b Br (0< 7 < N)

! A B 0, A+ B —2V/ABcos(57), A,B>0

I A+VAB B 0, A+ B —2V/ABcos(5Z7), A B>0
0] A+vAB  B++vAB 0, A+B-2/ABcos(%7), A, B>0

Y% A—VAB B 0, A+ B —2V/ABcos( &), A> B >0
Vv A-vVAB  B++vAB 0 A+ B-2VABcos(Ztin), A>B>0

positivity of the rates we discard the case « = A—+/AB, b= B—+/AB. We observe
that equation (3.15) is symmetric with respect to a and b. Also, system (1.1) is the same
when a, A and C), ,(t) are replaced by b, B and C,, v—n(t), respectively. Because
of this symmetric nature, the eight cases reduce to five cases. The zeros of Py 1(s)
and the conditions on A and B to ensure the positiveness are tabulated in table 1.

Equilibrium solutions

Since one of the zeros of Pn1(s) is zero (i.e., Gp = 0), equilibrium solutions
Cn(n=0,1,...,N) exist and are obtained by letting ¢t — oo in (1.1):

Co= BbF,
Cp=aby" 'F, n=12...,N—1, (3.17)
Cy=aBy"N1F,
where
_A
’Y B’
1-—
7 (1-7

T B2A- ")+ B(A+ B —a- b1 ")+ (A - a)(B - )N
Now, we shall see the exact results for the five cases in the following theorems.

Explicit solutions of C,, ,,(t)

Theorem 3. The exact transient solution for case | (i.e., a = A,b = B) is given by
(1L — )" 2,Yl+(n—m)/2 N o—(A+B)t+2VABt cos(rm/(N+1))

+
(1— AN+ N+1 4 1-2/5cosyiz+7

. (n+Drm _1/2 g T
x{sn e AR UL

" {Sin(m—i-l)mr  1pg, mrT

Cm,n(t) =

Sn

Tl n=01,...,N.
N+1 N+1} "
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This can be identified with the solution of Takéacs [22].

We now present the results for the other cases. In al these results we use the
same notation P,(—3,.) for the sake of brevity. We prove the result for one case.
Proofs for other cases are similar.

Theorem 4. The exact transient solution for case Il (i.e, a = A+ VvVAB, b =
B+ VAB) is given by

N
_ Dm,NDN,nPn(_ﬁr)Pm(_ﬁr)eiﬁrt o
Connlt) = Cp + Z; PPl , n=0,1,...,N,

whereforr=1,2,..., N,

B,=A+DB -2 ABCOS%, (3.18)
@B 2+ Orr qp (20— 1w
Pn(—B,) = (-)""?B(A+ VAB)(AB)\W-2/2, (3.20)

Pl 1(—B) = (A +B—2VAB cos%) (—1 2N (VAB)Y !
1+cos(rm/N) _
% W’ T—l,z,...,Nfl, (321)
(-1, r=N,

where C,, and D, ,, are defined as in (3.17) and (2.8), respectively.

Proof. By virtue of (3.1), it is enough to find the exact expression for P,(—3,),
Pn(—8:) and Py ,(—f,). Subgtituting (3.18), a = A+ VAB and b = B + VAB
in (3.13), we get

n/ _
Py = G an D (BB gy
N Vv
B (vAB) Sin(nl)mr}
A N
_(AB)"/2 . (n+Drm . nrrw
T eng {S”T”‘”W

B _1/2 . W_ﬂ' . (n—1)7“7r
Y <Sn N +Sn7N .
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By using the trigonometric relation (3.16), we obtain (3.19). Substituting a = A +
VAB in (3.14),

s+A++VAB B
A++VAB s+A+B B

Pn(s)=
A s+A+B B
A 5+A+BN
N-1 L
= A AB A+ B -2V AB —
(s+A+V )kHl<s+ + cosN>
N-2 L
— B(A AB A+B—-2VAB .
(A+V )kl_[l<s+ + cosN1>

At the zeros of Py 1(s), the above equation reduces to

N-2
_ T km
Pn(—f,) =0— B(A+VAB)(2VAB)"? kljl (cos% —~ cosﬁ>.

We obtain (3.20) by suitably using identity (2.2) in the above equation. Finaly, we
find the explicit expression of Py ,(—/3,). From (3.3), we get

N

k
Py a(=5) = — (A + B —2VAB cos%) [T (2vaB) (cos% — COSWW).
f—1
k#r

When r = N, the above equation reduces to

N-1
Plyoa(—6x) = —(A+ B +2VAB) (2VAB) [ (1 cos%”)

k=1
Making use of identity (2.3), we get

Pyia(—Bn) = —(A+ B+ 2VAB)N(VAB) ')Vt (322

For the remaining » = 1,2,..., N — 1, equation (3.3) becomes

Pyia(=B) =~ <A +B—-2VAB cos%) (2@)N_l<cos% + 1)
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By making use of identity (2.3), we obtain

—1)"t2N(/AB)N-1(1+ cosZZt
Py ia(=6r) = <A+BZ ABcos%>( ) ( sinz)ﬂ ( %)
N

Combining the above result and (3.22), we get (3.21). O

Theorem 5. The exact transient solution for case Il (i.e, a = A+ VAB, b= B) is
given by

m,NDN,nPn(*ﬂr)Pm(*ﬁr)e_ﬂr
PN(*ﬁr)P],V_i_l(*ﬁr) ’

iy )
Conn(t) = C+ Y n=0,1,...,N,
r=1

whereforr=1,2,..., N,

2rm
Or=A+DB—2 ABcosm,
(ABYV? (. rT —1/2 T
P, (—05,)= 2n+1 - 2n—1
Y —(_1)+2 (N-1)/2 rm
Pn(=0,)=(-1)"""B(AB) 2008 5
(2N + 1)(A+ B — 2/AB cos 57 ) (- 1) "2(VAB)N !

P],V-i—l(_ﬁr) =

: 2rm o r
4Sin 557 SN o

where C,, and D, ,, are defined as in (3.17) and (2.8), respectively.

Theorem 6. The exact transient solution for case IV (i.e, a = A —VAB, b= DB)is
given by

N
D, N DN g Pr(—Br) P (— By —frt
Cm,n(t)zcn+z NN, ( ﬁ) ( ﬁ)e nzO,l,...,N,
r=1

PN(*ﬁr)P],V_i_l(*ﬁr) ’

whereforr=1,2,..., N,

B @r —Dm
O.=A+ B — 2V ABcos SN 1
Po(f) = (AB)"/2 { @n+ 1@ —Dr Y2 o8 2n — 1)(2r — 1)77}
e 0055(2;—];_1‘_% 2(2N +1) 2(2N +1) '
sin !2N7(1)§2r7)l)7r
—B)=— (V-1)/2 22N+1
PN( ﬁr) - B(AB) §n [ ,
22N+

(A+ B —2VABcos §-2r)

o1 21 ’
4sin ((2§v+)17)r cos 2((£N+)Z7Lr)

where C,, and D, ,, are defined as in (3.17) and (2.8), respectively.

Py 1(=B)=—(VAB) ' @N + 1)(-1
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Theorem 7. The exact transient solution for case V (i.e, a = A— VAB, b= B +
V' AB) is given by

N
_ Dm,NDN,nPn(_ﬁr)Pm(_ﬁr)eiﬁrt .
Connlt) = Cn + 2; e Pl , n=01,...,N,

whereforr =1,2,..., N,

(2r + D
=A+B—-2VAB -~ 7
Br + C0S o T
Po(—f) = (AB)"/2 { @n+1@r+Dr 7_1/2 oS 2n —(2r + 1)7r}
n ] — ,
cos 7% 2(2N + 1) 22N + 1)
N-1
N—1 @2r+r 2k — Dm
P, (-5.)=—-VAB(2VAB cos — COoS
n{=6r) ( ) kHl< 2N +1 2N — 1
§n @V-D@r+
T\ N-1 22N+1)
- B( AB) Sn !27‘+1!7T !
22N+
@r+Dr\, = \N-1
P]I\7+l(ﬁr):<A+B2 ABCOSTH ( AB)
(—1)r2-WV+D 2N +1) (1+cos T
@2r+1)m Jis ( (2T+1)3TN-F1 (27"-0—1)77 o < N’
4(C°S 2Nt1 0 2N+1) COS >+ SN SN +1
2-N@2N+1) r=N,

“o(rrocs )

where C,, and D,,,, are defined as in (3.17) and (2.8), respectively.

4, Conclusion

Transient analysis of the master equation plays a vita role in several physical
problems. The exact transient solution of the concentration of molecules in chemical
kinetics of a sequence of first-order reactions with end effects is outlined. The above
solution involves roots, which are found analytically in closed form irrespective of
the order of matrices involved. This is in contrast with the computational difficulties
encountered for some values of the parameters, because the diagonal elements of the
underlying matrix become large; making the roots large and thus causing overflow
while running the program.
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